This paper studies the well-posedness of the initial value problem for the quasi-geostrophic type equations @ @t
Introduction
We consider the initial value problem (IVP) of the dissipative quasi-geostrophic type (QGS) equations @ @t + u r + (? ) = 0; on R n (0; 1);
(1.1) (x; 0) = 0 (x); x 2 R n (1.2) where (0 1) is a xed parameter and the velocity u = (u 1 ; u 2 ; ; u n ) is divergence free (i.e., r u = 0) and determined from by u j = R (j) ;
(j) is a permutation of j, j = 1; 2; ; n (1.3) where u j may take either + or ? sign and R j = @ j (? ) ? A particular important special case of (1.1) ,(1.3) is the two dimensional dissipative QGS equation in which the velocity u = (u 1 ; u 2 ) can also be de ned through the stream function : u = (u 1 ; u 2 ) = ? @ @x 2 ; @ @x 1 ; (? ) 1 2 = ?
(1.4)
The 2-D QGS equations are derived from more general quasi-geostrophic approximations for ow in rapidly rotating 3-D half space, which in some important cases reduce to the evolution equation for the temperature on the 2-D boundary given in (1.1), (1.2),(1.4) ( 14] , 3]). The scalar represents the potential temperature and u is the uid velocity. These equations have been under active investigation because of mathematical importance and potential applications in meteorology and oceanography ( 14] Then the IVP (1.1), (1.3), (1.2) is locally well-posed and solution is global for su ciently small initial data. Furthermore, we prove that the solution is actually smooth. The precise statements are given in Theorem 3.2 of Section 3 and Theorem 4.1 of Section 4. The proof of the well-posedness is based on the contraction mapping principle. These results reduce to those in L p theory by taking = 0.
As we shall nd out in Section 3, the requirement 1 < p < 1 in (1.5) comes from estimating the singular integrals of Calderon-Zygmund type when we bound u in terms of in Morrey spaces. p = 1 or p = 1 is excluded since the Calderon-Zygmund type singular operator is not bounded either in L 1 (but of weak type (1; 1)) or in L 1 (but taking to BMO) 17] . For the Navier-Stokes equations, the singularity of the Biot-Savart kernel is milder and the borderline case p = 1 or p = 1 is often included in the well-posedness results ( 6] We observe that u r = P j u j @ j = r (u ) provided that r u = 0. This provides an alternative expression for G:
We shall solve (3.3) in the spaces of weighted continuous functions in time introduced at the beginning of this section. To this end we need estimates for the operator G acting between these spaces. We will need a result concerning the Calderon-Zygmund type singular integral operators on Morrey spaces. The Riesz transform is a particular example of these types of singular integral operators. Lemma 3.8 Let Z be a Calderon-Zygmund type singular integral operator, i.e., Z : R n n f0g ! R is a homogeneous continuous function of degree ?n and integral on unit sphere vanishes. Let M q; with 1 < q < 1; 0 < n be a Morrey space. Then Z is bounded on M q; to itself. Proof The smoothness of is proved by standard schemes. First we consider the case when k = 0. For j = 0, (4.1) can be seen from (3.1), (3.2) in Theorem 3.2 . We now prove that (4.1) is true for j = 1. We take any t 1 > 0 and prove the results for t > t 1 .
We take r of G and apply the Leibnitz rule to obtain rG(u; ) = G 1 (ru; ) + G 2 (u; r )
where G 1 and G 2 are integral operators on (t 1 ; T) with the same properties as G. First let q > p and X be the space consisting of functions such that 2 C( t 1 ; T); M q; ); r 2 C 1? 1 2 ((t 1 ; T); M q; ) (4.2) and X R be the closed ball of radius R in X. The idea is to apply contraction mapping arguments to A on X R with T and R to be determined. First we choose R appropriately such that K(t) 1 For the case q = p, the result r 2 C((t 1 ; T); M p; ) can be established by applying Proposition 3.7 to rG again and using the relation in (4.2).
Repeating the same argument for higher spatial derivatives of , we obtain the result r j 2 C((0; T); M q; ). This nishes the proof for the case k = 0.
We now prove (4.1) for k = 1. It is easy to see from the regularity result we've just obtained that r j ; r j u; (? ) r j 2 C((0; T); M q; ); j = 0; 1; 2; for any p q < 1. Using Equation 1.1 @ t = ?u r ? (? ) and the H older inequatlity for the Morrey spaces (i.e., (ii) of Lemma 2.2), we obtain for j = 0; 1; 2; @ t r j 2 C((0; T); M q; )
The result for general k can be established by induction. This concludes the proof of Theorem 4.1. Estimates (2.4), (2.5) can be proved similarly by using the identities (@ x k t )(x) = ct ? 1 2 g t (x); (@ t k t )(x) = ct ?1 g t (x) where g t is another radial function enjoying the same properties as k t (x) does (The properties of k t are listed in Lemma 2.3). f t 2 M q 2 ; 2 follows directly from (2.4). and the continuity of K(t) in t is a consequence of (2.5). The continuity of W follows from a similar estimate for @ t W as in (2.5) and that of @ t K(t) from the identity @ t K = ? 2 K.
